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Abstract

The asymptotically singular stress state found at the tip of a rigid, square inclusion embedded within a thin, linear

elastic disk has been determined for both uniform cooling and an externally applied pressure. Since these loadings are

symmetric, the singular stress ®eld is characterized by a single stress intensity factor Ka, and the applicable Ka cali-

bration relationship has been determined for both a fully bonded inclusion and an unbonded inclusion with frictionless

sliding. A lack of interfacial bonding has a profound e�ect on inclusion-tip stress ®elds. When the inclusion is fully

bonded, radial compression dominates in the region directly in front of the inclusion tip and there is negligible tensile

hoop stress. When the inclusion is unbonded the radial stress at the inclusion tip is again compressive, but now the hoop

tensile stress is of equal magnitude. Consequently, an epoxy disk containing an unbonded inclusion appears to be more

likely to crack when cooled than a disk containing a fully bonded inclusion. Elastic±plastic calculations show that when

the inclusion is unbonded, encapsulant yielding has a signi®cant e�ect on the inclusion-tip stress state. Yielding relieves

stress parallel to the interface and greatly reduces the radial compressive stress in front of the inclusion. As a result, the

encapsulant is subjected to a nearly uniaxial tensile stress at the inclusion tip. For a typical high-strength epoxy, the

calculated yield zone is embedded within the region dominated by the elastic hoop stress singularity. A limited number

of tests have been carried out to determine if encapsulant cracking can be induced by cooling a specimen fabricated by

molding a square, steel insert within a thin epoxy disk. Test results are in qualitative agreement with analysis. Cracks

developed only in disks with mold-released inserts, and the tendency for cracking increased with inclusion size. Ó 2001

Published by Elsevier Science Ltd.
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1. Introduction

Polymeric encapsulants are widely used in the automotive, aerospace, and electronic industries. The
encapsulant holds a component in place and protects it from applied loads and the surrounding envi-
ronment. If the encapsulant cracks the component may fail. In many cases the encapsulated part has sharp
corners. For example, sharp corners are often found in microelectronic chip packages. When failure occurs,
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it will typically initiate at a corner. On a ®ner scale, polymer encapsulants are usually ®lled with particles to
improve their properties. Some common types of ®llers are created by crushing a bulk material, and as a
consequence, the ®ller has sharp corners. Microcracks initiating at sharp-cornered particles can degrade a
®lled material.

A simple, 2-D idealization of an encapsulated sharp-cornered component or particle is a homogeneous,
isotropic, square inclusion embedded within an isotropic material (Fig. 1). The encapsulated component or
particle is typically much sti�er than the encapsulant, and it is often reasonable to regard the inclusion as
rigid. When viewed asymptotically, the inclusion tip is the apex of a wedge (Fig. 2). Several studies have
provided detailed information about the stress ®eld found at the tip of a linear elastic wedge. Williams
(1952) analyzed a single material wedge with a variety of edge boundary conditions. He noted that a power-
law stress singularity

Fig. 1. Rigid, square inclusion encapsulated within a linear elastic disk.

Fig. 2. Asymptotic problem for encapsulated, rigid wedge. Symmetry about the x-axis.
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r � Karkÿ1; ÿ1 < Re�kÿ 1� < 0 �1�
can exist at the apex of the wedge and determined how the order of the stress singularity, kÿ 1, depends
on boundary conditions and elastic properties. For singular stress and bounded displacements, ÿ1 <
Re�kÿ 1� < 0. WilliamsÕ results for a wedge with both edges clamped are applicable to a rigid inclusion
surrounded by an elastic material. Bogy and Wang (1971) analyzed bonded, dissimilar elastic wedges that
together form a full plane. These results show how the strength of the stress singularity depends on the
elastic properties of the inclusion. Chen and Nisitani (1993) noted that there are at most two power-law
singular terms in the asymptotic expansion of the stress ®eld with ÿ1 < kÿ 1 < 0 for many cases of
practical interest (when b�aÿ b� > 0, where a, b are the elastic bimaterial parameters de®ned by Dundurs
(1969)). The exponent de®ning the strength of each of the singular terms is real, and the two exponents are
generally di�erent. They also found that one of the singular terms is associated with symmetric loading
about the line bisecting the apex of the wedge, whereas the other is associated with an asymmetric loading
about the bisecting line (i.e., x-axis in Fig. 2). In another study, Chen (1994) presented stress intensity factor
relations for a bonded inclusion embedded within an in®nite plate subjected to uniaxial tension, biaxial
tension or shear at in®nity. A variety of inclusion shapes were considered.

The value of the stress intensity factor Ka (Eq. (1)) characterizes the magnitude of the stress state in the
region of the inclusion tip (the subscript ``a'' on K is used to denote that this stress intensity factor is as-
sociated with the apex of a wedge). It is reasonable to hypothesize that failure occurs at a critical Ka value,
Kac. Such an approach is analogous to linear elastic fracture mechanics, except here the critical value of the
stress intensity factor is associated with a discontinuity other than a crack. As is the case of linear elastic
fracture mechanics, small-scale yielding conditions must apply. The asymptotic stress state characterized by
Ka must dominate a region that is signi®cantly larger than the fracture process zone, plastic yield zone, and
the extent of any subcritical cracking. The inclusion tip must also appear sharp on this length scale.

The applicability and accuracy of a Ka-based failure analysis to encapsulated inclusions is yet to be
conclusively demonstrated. There appear to be few published experimental results applying this approach
to encapsulated bodies. One exception is the work of Hattori et al. (1989), who molded epoxy models with
small Fe±Ni inserts and looked for failure as the molding cooled. Note, however, there is convincing evi-
dence that the stress intensity factor for other types of corner discontinuity can be used to predict failure.
Reedy and Guess (1993, 1995, 1996, 1997, and 1999) have shown that the observed reduction in the tensile
strength of adhesively-bonded, cylindrical butt joints with increasing bond thickness is accurately predicted
by a Kac criterion. In this case Kac is associated with an interface corner, the point where the interface
between two bonded quarter planes intersects the stress-free edge. Dunn et al. (1997a,b) have successfully
predicted the fracture of homogenous materials containing a sharp notch using a similar approach.

Reported below is the Ka calibration for a rigid, square inclusion embedded within a thin disk and
subjected to either a uniform cooling or to an external applied pressure. This symmetrically loaded con-
®guration is a particularly attractive test specimen, as the asymptotic stress ®eld is characterized by a single
Ka. Two extremes in bonding are considered: fully bonded and unbonded with frictionless sliding. Elastic±
plastic calculations for a representative epoxy encapsulant have also been carried out. These results illus-
trate the e�ect of yielding on inclusion-tip stress ®elds and also the validity of the small-scale yielding
assumption. Finally, the results of a limited number of preliminary experiments are presented.

2. Asymptotic solutions for bonded and unbonded inclusions

Fig. 1 shows the encapsulated-inclusion geometry analyzed. A rigid, square inclusion, with side length h,
is embedded within a disk of diameter D. The disk is presumed thin relative to the characteristic inclusion
dimension h, and a plane stress analysis is applied. Fig. 2 shows the associated asymptotic problem. Note
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that there is a geometric symmetry about the x-axis and that the uniform cooling and applied pressure
loadings considered in this study are also symmetric about the x-axis. Accordingly, the line bisecting the
apex of the wedge (i.e., x-axis) is a line of symmetry. Furthermore, for plane stress and with the elastic
encapsulant (with YoungÕs modulus E and PoissonÕs ratio m) taken to be Material 1 and the rigid inclu-
sion Material 2, DundursÕ (1969) elastic bimaterial parameters a, b take on the values a � ÿ1, and b �
ÿ�1ÿ m�=2 and b�aÿ b� > 0. Consequently, the asymptotic solution contains one singular term, and the
singularity exponent is real (Chen and Nisitani, 1993, as discussed above in Section 1).

One anticipates that the nature of the inclusion-to-encapsulant bond has a substantial e�ect on inclu-
sion-tip stress ®elds. Typically, a strong interfacial bond is sought, although a less-than-perfect encapsu-
lation process could thwart this desire. Even when an inclusion is initially well bonded, that bond could fail
with cyclic loading or from environmental attack. For this reason asymptotic results for a fully bonded
inclusion are compared with those for an unbonded inclusion (i.e., mold released) that is free to undergo
frictionless slip. When the inclusion is rigid, only the one-material wedge representing the encapsulant is
analyzed. The edge boundary conditions are chosen to re¯ect the presence of the rigid inclusion. For a
bonded inclusion the wedge edges are fully ®xed. For an unbonded inclusion with frictionless slip, the edges
are shear-free, and only the normal displacement is ®xed. Here it is assumed that for uniform cooling
�DT < 0� or for a uniform external pressure �P � > 0�, interfacial normal stress is always compressive, and
there is no tendency for a gap to form at the encapsulant-to-inclusion interface (this was veri®ed by the
®nite element calculation discussed below). The homogeneous boundary conditions on the edges of the
wedge de®ne an eigenvalue problem for the strength of the stress singularity, and the angular variation of
the asymptotic stress ®eld is associated with the corresponding eigenfunctions. Solutions to these types of
asymptotic problems are well known (Williams, 1952; Seweryn and Molski, 1996), so only the results are
presented here.

Fig. 3 shows that the strength of the stress singularity displays a modest dependence on PoissonÕs ratio
when the inclusion is fully bonded. When m � 0:0, kÿ 1 � ÿ0:28, whereas when m � 0:5, kÿ 1 � ÿ0:23.
The severity of the stress singularity decreases as PoissonÕs ratio increases. This can be contrasted with the
case of bonded rigid and elastic quarter planes (asymptotic problem for a butt joint), where the strength of
the singularity vanishes when m � 0:0 and is maximum when m � 0:5 (Reedy, 1990). When the inclusion is
unbonded, kÿ 1 � ÿ0:67; and this value does not vary with PoissonÕs ratio. The most notable ®nding is the
dramatic increase in the strength of the stress singularity with interfacial debonding. The rigid inclusion

Fig. 3. Variation of the strength of the stress singularity, ÿ�1ÿ k�, with PoissonÕs ratio m for either a bonded or an unbonded rigid

square inclusion.
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assumption is thought to be a reasonable representation of bimaterial combinations, such as a steel in-
clusion embedded within an epoxy encapsulant. Chen and Nisitani (1993) have determined the charac-
teristic equation de®ning the order of the inclusion-tip stress singularity for a bonded elastic inclusion. This
permits an assessment of the rigid inclusion assumption. The strength of the symmetric mode singularity for
a fully bonded, square, steel inclusion (E � 193 GPa, m � 0:3) in epoxy (E� 3.5 GPa, m � 0:35) is )0.242,
whereas that for a rigid inclusion is )0.250; only a 3% di�erence.

Not only is the strength of the stress singularity altered by debonding, but there is also a striking change
in the angular variation of the asymptotic stress state. The spatial distribution of stress in the region
dominated by the stress singularity is de®ned by

rab � Karkÿ1 �rab�h� �a; b � r; h�: �2�

The functions de®ning the angular variation in the asymptotic stress components, �rrr�h�, �rhh�h�, and �rrh�h�,
are plotted for a bonded (m � 0:35) and an unbonded inclusion in Figs. 4 and 5, respectively. Note that the

Fig. 4. Angular variation of rrr, rhh and rrh about the tip of a fully bonded, rigid square inclusion (encapsulant m � 0:35).

Fig. 5. Angular variation of rrr, rhh, and rrh about the tip of an unbonded, rigid square inclusion (frictionless sliding).
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functions are normalized so that �rhh�0�� � 1. With this normalization the singular hoop stress directly in
front of the inclusion tip rhh�0�� � Karkÿ1. Fig. 4 shows that when the inclusion is fully bonded, the
magnitude of the radial stress in front of inclusion tip �h � 0°� is much larger than the hoop stress and
di�ers in sign. On the other hand, Fig. 5 shows that when the inclusion is unbonded, hoop and radial
stresses are again of opposite sign but of equal magnitude. Another indication of the profound di�erence in
the asymptotic stress state of the bonded and unbonded inclusion is evident from a comparison of the
functions de®ning the angular variation in pressure and e�ective stress (Figs. 6 and 7). Fig. 6 shows that
e�ective stress re � �3J2�1=2

, where J2 is the second stress deviator invariant, is highest in front of the in-
clusion tip, and the pressure component is roughly one third of the e�ective stress. When the inclusion is
unbonded, the e�ective stress is singular but independent of angular position, and pressure is nonsingular.

Fig. 6. Angular variation of rp and re about the tip of a fully bonded, rigid square inclusion (encapsulant m � 0:35).

Fig. 7. Angular variation of re about the tip of an unbonded, rigid square inclusion (frictionless sliding).
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3. Calibration for inclusion-tip stress intensity factor Ka

Both the strength of the stress singularity, kÿ 1, and the functions de®ning the angular variation in
stress, �rab�h�, are fully determined by the asymptotic analysis. In contrast the inclusion-tip stress intensity
factor Ka is determined by the full solution and depends on elastic properties, overall geometry, and the
loading. Two axisymmetric (h-independent) loadings are considered: uniform cooling (DT < 0) and a
uniform pressure (P � > 0) applied to the diskÕs outer edge. These loadings are actually related. The solution
for uniform cooling can be obtained by superposing a suitably chosen constant stress state with the solution
for an applied pressure. If the outer edge of the epoxy disk is ®xed and the disk is subjected to a uniform
temperature change DT, then the plane stress solution is err � ehh � 0, and rrr � rhh � ÿEDaDT=�1ÿ m�,
where Da is the di�erential coe�cient of thermal expansion �Da � encapsulant CTE±inclusion CTE�. This
solution is valid for both bonded and unbonded inclusions. The superposition of this constant stress state
and the solution for a disk subjected to an edge pressure P � � ÿEDaDT=�1ÿ m� yields the solution for the
uniform cooling of a disk with a stress-free edge. The pressure loading provides the fundamental singular
solution, and the magnitude of the stress singularity will depend on P�, with P � � ÿEDaDT=�1ÿ m� for
uniform cooling.

The region dominated by the asymptotic solution can be extended by adding an asymptotically constant
term, when it exists, to the singular term (Reedy, 1993). The asymptotic solution then has the form

rab � Karkÿ1 �rab�h� � Cdab �a; b � r; h�: �3�
The constant stress term C must satisfy the asymptotic boundary conditions and for simple cases is readily
determined. For example, consider a uniformly cooled encapsulant bonded to a rigid inclusion. If the
encapsulant were unbonded, its in-plane area would change with a change in temperature (i.e., free thermal
expansion). In a plane stress analysis, the stress state r� � rrr � rhh � ÿEDaDT=�1ÿ m� produces an area
change that precisely negates that of the thermal expansion. Consequently, this constant stress state satis®es
the asymptotic problem of a uniformly cooled encapsulant bonded to a rigid inclusion (®xed edges) since
the total strain is zero. Yang and Munz (1995) have determined the asymptotic constant stress term for the
more general case of a two-material elastic joint subjected to a uniform temperature change, and their result
reduces to that presented here for the rigid inclusion.

Based upon dimensional considerations and the required linear dependence on load, the inclusion-tip Ka

calibration relation must have the form

Ka � r�h1ÿkIp m;
D
h

� �
; �4�

where

r� � P �; uniform applied pressure P �;
ÿE Da DT
�1ÿm� ; uniform temperature change DT ;

�
�5�

whereas the asymptotically constant term is

C �
ÿE Da DT
�1ÿm� ; bonded rigid inclusion;

ÿP �; unbonded rigid inclusion:

�
�6�

Note that for a bonded inclusion, C � 0 when DT � 0 and P � 6� 0, whereas for an unbonded inclusion,
C � 0 when P � � 0 and DT 6� 0. The function Ip depends on nondimensional material and geometric para-
meters, and for this problem the only possibilities are m and D=h. The value of Ip for m and D=h combina-
tions of interest can be determined by matching asymptotic and full ®eld, ®nite element solutions.

Fig. 8 shows a typical mesh used in the ®nite element calculations. Only one eighth of the disk (Fig. 1) is
analyzed. The loading is symmetric, and there is geometric symmetry about the x and y axes as well as
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about the two lines that divide the square inclusion into four smaller squares. Bonded and unbonded in-
clusions are modeled by applying the appropriate boundary conditions to the wedge edge. A highly re®ned
mesh is used in the region of the inclusion tip (smallest element=h � 1:4� 10ÿ5) to ensure an accurate
match with the asymptotic solution. The mesh is composed of four-noded, plane stress elements. A cal-
culation must be carried out for every m and D=h combination of interest (h and r� can be arbitrarily
chosen). For the case of the unbonded inclusion, hoop stress along the x-axis is used to calculate Ka (Eq.
(3)), and then Eq. (4) is used to determine Ip. When the inclusion is bonded, the magnitude of the radial
stress component along the x-axis is signi®cantly higher than that of the hoop component (Fig. 9). Con-
sequently, when the inclusion is bonded, the radial stress along the x-axis (with the asymptotic constant
term that exists in this case subtracted out) is used to calculate Ka and Ip. Table 1 lists kÿ 1 and Ip values for
a range of m and D=h. Note that results for the unbonded inclusion display only a minimal dependence on
D=h for D=h > 5. For this range of D=h, the stress state is essentially independent of D (i.e., disk acts as if its
in®nite).

Fig. 8. Typical ®nite element mesh used in analysis.

Fig. 9. Comparison of linear elastic ®nite element and asymptotic solutions for stress in front of a fully bonded inclusion embedded

within an epoxy disk with h � 18 mm and DT � ÿ100�C.
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For a su�ciently large D=h it seems likely that the stress state developed in regions far from the inclusion
will not depend on inclusion shape. The stresses are expected to approach those found in a disk containing
a circular inclusion of equal area. Speci®cally for r� h, one anticipates for plane stress

rrr � ÿrhh � EDaDT
1� m

r0

r

� �2

; where r0 � h���
p
p : �7�

4. Comparison of full and asymptotic solutions

The results plotted in Figs. 9 and 10 illustrate the nature of inclusion-tip stress ®elds and the range of
applicability of the asymptotic solutions. These results are for a disk with diameter D � 127 mm and for an

Table 1

Value of kÿ 1 and Ip for various m and D=h

Interface m D=h kÿ 1 �rrr 0�� � �rhh 0�� � Ip

Bonded 0.35 7.07 ÿ0.2502 ÿ63.25 1.00 0.0135

Unbonded 0.05 14.14 ÿ0.6667 ÿ1.00 1.00 0.1779

Unbonded 0.15 14.14 ÿ0.6667 ÿ1.00 1.00 0.1455

Unbonded 0.25 14.14 ÿ0.6667 ÿ1.00 1.00 0.1182

Unbonded 0.35 14.14 ÿ0.6667 ÿ1.00 1.00 0.0949

Unbonded 0.45 14.14 ÿ0.6667 ÿ1.00 1.00 0.0748

Unbonded 0.35 7.07 ÿ0.6667 ÿ1.00 1.00 0.0940

Unbonded 0.35 5.66 ÿ0.6667 ÿ1.00 1.00 0.0935

Unbonded 0.35 4.71 ÿ0.6667 ÿ1.00 1.00 0.0927

Unbonded 0.35 3.54 ÿ0.6667 ÿ1.00 1.00 0.0910

Unbonded 0.35 2.83 ÿ0.6667 ÿ1.00 1.00 0.0886

Unbonded 0.35 2.18 ÿ0.6667 ÿ1.00 1.00 0.0831

Fig. 10. Comparison of linear elastic ®nite element and asymptotic solutions for stress in front of an unbonded inclusion embedded

within an epoxy disk with h � 18 mm and DT � ÿ100�C.
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inclusion with side length h � 18 mm (D=h � 7). The disk is subjected to uniform cooling with
DT � ÿ100°C. Encapsulant properties are representative of a typical, high-strength epoxy. The encapsulant
has a YoungÕs modulus E � 3:5 GPa, PoissonÕs ratio m � 0:35, and Da � 40� 10ÿ6 = °C.

When cooled, a large radial compressive stress is generated at the tip of a bonded inclusion (Fig. 9).
Although tensile, the hoop stress is relatively low. This stress state does not seem to favor encapsulant
cracking. Recall that for the bonded inclusion, an asymptotically constant term exists whenever DT 6� 0
(Eq. 6). This term must be added to the singular term to get good agreement with the ®nite element result.
When the constant term is included, the asymptotic and ®nite element results for rrr(0°) are within 4% for
r=h < 0:056. The ®nite element and circular inclusion results for rrr(0°) merge when r=h > 0:2. A large
tensile hoop stress is generated when a disk with an unbonded inclusion is cooled and, consequently, could
promote cracking (Fig. 10). The radial stress is of equal magnitude but is compressive. The asymptotic
solution contains only a singular term, and it is within 4% of the ®nite element result when r=h < 0:17.
When combined, the asymptotic and circular inclusion solutions provide an excellent match to the ®nite
element solution over the full range of r=h. Since a large tensile hoop stress is generated only when the
inclusion is unbonded, one might speculate that for encapsulant cracking to initiate at the tip of a well-
bonded inclusion, the inclusion tip may need to ®rst debond. Such debonding could be produced by
thermal cycling or perhaps by environmental weakening of the interface.

Figs. 11 and 12 illustrate the e�ect of encapsulant yielding on inclusion-tip stress ®elds. The epoxy is
idealized as an elastic, perfectly plastic material (ry � 74 MPa). Although this is a reasonable idealization
when the temperature is su�ciently below the epoxyÕs glass transition temperature, Tg, epoxy actually
responds in a much more complex manner. Stress relaxation data suggest that epoxies display nonlinear,
stress-dependent viscoelasticity, and yielding is a manifestation of this constitutive behavior (Reedy and
Guess, 1996). When the inclusion is fully bonded, the calculated yield zone is 0.013 mm long (at h � 0°, see
Fig. 11). When the inclusion is unbonded, the yield zone is ten times longer (Fig. 12). Yielding substantially
alters the stress state at the tip of the unbonded inclusion. Yielding relieves stress parallel to the interface
and greatly reduces the magnitude of the radial compressive stress found in front of the inclusion. Con-
sequently, the encapsulant directly in front of the inclusion is subjected to a nearly uniaxial, hoop tensile
stress. Note that the yield zone is still embedded within the singular elastic ®eld de®ning hoop stress and is,
accordingly, characterized by Ka.

Fig. 11. Comparison of linear elastic and elastic, perfectly plastic ®nite element solutions with asymptotic solution for stress in front of

a fully bonded inclusion embedded within an epoxy disk with h � 18 mm and DT � ÿ100�C.
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5. Comparison with experiment

A limited number of encapsulated-inclusion specimens have been fabricated and tested. The primary
goal was to simply determine if encapsulant cracking could be induced when cooling a reasonably sized
specimen. Specimens were fabricated in an RTV mold. The inclusion was centered and then attached (using
double-sided tape) to the bottom of a mold containing a 127 mm diameter, 6 mm deep cylindrical cavity. A
lid, incorporating ®ll and bleed holes, ensured that the surfaces of the inclusion and epoxy disk were ¯ush.
An Epon 828 (digylcidyl ether of bisphenol A) cured with DEA (diethanolamine) epoxy was used for the
encapsulant (100=12 mix ratio, cured for 16 hours at 70°C); and sharp-cornered, stainless steel inclusions,
with an edge-length of either h � 9 or 18 mm, were encapsulated. In some cases a mold release was applied
to the inclusion to simulate the unbonded condition.

A liquid-nitrogen cooled environmental chamber was used to test the specimens. The specimens were
cooled at a rate of 1°C/min. Initial tests, using specimens with thermocouples mounted at several radial
positions, showed that this rate produced nearly uniform cooling of the epoxy disk. Several specimens
could be hung in the central part of the chamber at the same time. The temperature at crack initiation was
determined by observing the specimens through a window in the environmental chamber. Two specimens
with the larger inclusion (h � 18 mm) were fabricated and tested. One specimen contained an inclusion
whose edges were mold-released, whereas the other specimen contained an inclusion whose edges were
subjected to a light sandblast. The specimen with the mold-released inclusion failed when ®rst cooled to
ÿ70°C. The crack initiated from the inclusion tip. The specimen with the good interfacial bond (sand-
blasted edge) was cooled three separate times to ÿ80°C and once to ÿ140°C without encapsulant cracking.
This result con®rms the expectation that an unbonded inclusion promotes encapsulant cracking.

If encapsulant cracking occurs at a critical Ka value, then the temperature change required to initiate
cracking decreases with increasing inclusion size (see Eq. (4)). Therefore, 10 additional specimens with
mold-released inclusions were fabricated. Half of these specimens contained the larger inclusion (h � 18
mm) and the other half contained the smaller inclusion (h � 9 mm). Three specimens of each inclusion size
were cooled to ÿ80°C, and then held at that temperature for up to three hours. Encapsulant cracking
occurred in only one of the six specimens. The specimen that cracked contained the larger inclusion (h � 18

Fig. 12. Comparison of linear elastic and elastic-perfectly-plastic ®nite element solutions with asymptotic solution for stress in front of

an unbonded inclusion embedded within an epoxy disk with h � 18 mm and DT � ÿ100�C.
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mm), and cracking occurred during the ÿ80°C hold. The four remaining specimens were ®rst heated to
90°C (above the epoxyÕs Tg of 70°C), held at that temperature for about 30 min, and then cooled. Neither of
the two specimens with the smaller inclusion cracked. On the other hand one of the specimens with the
larger inclusion cracked at ÿ105°C, and the other cracked at ÿ135°C. In spite of the limit scope of the
initial tests, the results obtained to date are in qualitative agreement with the analysis. Upon cooling, cracks
developed only in disks with mold-released inclusions, and cracking occurred only in specimens with the
larger inclusion.

6. Summary

The Ka calibration for a rigid, square inclusion embedded within a thin, epoxy disk and subjected to
either a uniform cooling or to an external applied pressure has been determined. This symmetrically loaded
con®guration is a particularly attractive test specimen since the asymptotic stress ®eld is characterized by a
single Ka. Both fully bonded and unbonded (frictionless sliding) conditions were considered. Note that for
the idealized, plane stress inclusion geometry analyzed:

(1) The singular stress state generated by the bonded inclusion is very di�erent from that generated by
the unbonded inclusion. For an encapsulant with a PoissonÕs ratio of 0.35, the strength of stress singularity
for the bonded inclusion is ÿ0.25, whereas the strength of the singularity for the unbonded inclusion is
ÿ0.67. The angular variation of the stress ®eld also di�ers. When the inclusion is fully bonded, the mag-
nitude of the radial stress in front of inclusion tip (h � 0°, Fig. 1) is much larger than the hoop stress.
When the inclusion is unbonded, hoop and radial stress have the same magnitude but are of opposite
sign.

(2) An epoxy disk with an unbonded inclusion appears to be more likely to crack when cooled than a
disk containing a fully bonded inclusion. A large radial compressive stress is generated in front of the
inclusion tip when the inclusion is fully bonded, whereas a large tensile hoop stress is generated when the
inclusion is unbonded. One might speculate that for encapsulant cracking to initiate at the tip of an initially
well-bonded inclusion, the inclusion tip might need to ®rst debond. Such debonding could be generated by
thermal cycling or perhaps by environmental weakening of the interface.

(3) Encapsulant yielding has a signi®cant e�ect on the nature of the stress state at the tip of an unbonded
inclusion. Yielding relieves stress parallel to the interface and greatly reduces the magnitude of the radial
compressive stress found in front of the inclusion. Consequently, the encapsulant directly in front of the
inclusion is subjected to a nearly uniaxial, tensile stress. For a typical high-strength epoxy, the calculated
yield zone is embedded within the singular elastic ®eld de®ning hoop stress and is accordingly characterized
by Ka.

(4) Results of a very limited number of tests are in qualitative agreement with the analysis. A square,
sharp-cornered steel insert was encapsulated within a thin, epoxy disk. Upon cooling, cracks developed
only in disks with mold-released inserts. The likelihood for cracking is expected to increase with inclusion
size, and only those disks with the largest inclusion cracked.
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